Introduction
The origin of the Earth's Moon remains an unsolved problem. The most favoured scenario involves a giant impact on the forming Earth that placed material into orbit from which the Moon accreted [1, 2] .
The canonical case involves the oblique impact of a Mars-size object at velocities of order 10 km s −1 [3] [4] [5] [6] [7] [8] [9] [10] , resulting in the formation of an approximately
The model (a) Roche-interior disc
The numerical model we use is identical to that in [19] . Inside the Roche limit, the disc is described as a uniform surface density 'slab' that extends from the Earth's surface out to an outer edge r d , where we typically assume r d = a R = 2.9R ⊕ for the initial disc. We assume for simplicity that the liquid and vapour phases coevolve. This is probably a good assumption for the disc model of Thompson & Stevenson [17] , and a poor assumption for the stratified disc model of Ward [18] . Initially, the disc spreads with a viscosity ν TS set by the limiting rate at which a silicate vapour photosphere can radiate away the viscously generated heat [17] ,
where σ SB = 5.67 × 10 −8 W m −2 K −4 is the Stefan-Boltzmann constant, T p is the temperature of the disc's photosphere, σ is the disc's surface density (taken to be that of both the vapour and liquid components), Ω = GM ⊕ /r 3 is the Keplerian frequency at distance r and G is the gravitational constant. The viscous spreading of the disc is performed by computing the rate of change of its edges using the viscosity evaluated at the disc's outer edge, r d . As the disc spreads and loses mass both onto the planet and outwards through the Roche limit (see below), the viscosity estimated by the above expression becomes larger than that physically expected for a fully molten disc subject to local gravitational instabilities [16] . At this point, the rate of viscous heat generation probably falls below the rate at which the vapour disc can radiatively cool, and the silicate vapour component of the disc can condense. The then fully magma disc will evolve with a viscosity ν WC set by transport of angular momentum by transient gravitational instabilities in the magma that continuously form and are then disrupted by planetary tides [16] 
As material spreads outwards past the Roche limit via viscous spreading, it can accumulate into small objects that are no longer destroyed by planetary tides. When the inner disc extends beyond a R , we compute the mass m f of the fragment that would form from gravitational instabilities [23] 
where ξ is a coefficient of order unity that we set to 0.3, and r d is the position of the inner disc's outer edge. If the disc's outer edge is at the Roche limit (r d = 2.9R ⊕ ), then inner discs containing 1.5 and 0.01M L will form fragments of ≈ 3 × 10 −3 M L and 10 −9 M L , respectively. The new body is then added to the N-body part of the code (see below) and the disc's mass and outer edge are adjusted so as to conserve mass and angular momentum. 
(b) Roche-exterior disc
Beyond the Roche limit, gravitational instabilities in a magma disc may lead to the rapid formation of clumps that are stable against tidal disruption. This means that, in this region, instabilities may not produce a large and ongoing source of viscous dissipation, as they do in the Roche-interior disc (see appendix A). In this case, although the material in the outer disc may initially be a mixture of melt and vapour, it will probably rapidly cool and condense (see also Discussion). We thus model the material beyond the Roche limit as a collection of individual particles. Orbital evolution of the objects is performed using the N-body symplectic integrator Symba [24] , which we have modified to include interactions with the inner disc. The latter is done by computing, for each orbiting object, the 0-th order (i. where M s and a s are the mass and semi-major axis of the orbiting body, and m * is the highest m for which resonance (m : m − 1) falls into the disc. When a body orbits close to the disc, we only consider the resonances that fall exterior to the body's Hill radius. The acceleration a res of the body due to the interaction with the disc is computed using the formalism of Papaloizou & Larwood [26] , a res = v/t m , where v is the body's velocity, and t m = L s /T s is the body's orbital migration time scale and L s its angular momentum.
To determine whether collisions between orbiting particles should result in a merger, we use tidal accretion criteria [27, 28] , with normal and tangential coefficients of restitution set to 0.01 and 1. Finally, if a body passes within 2R ⊕ , we assume it is tidally disrupted, following the pericentre criterion of Sridhar & Tremaine [29] . When this happens, we remove the object from the N-body code, and add its mass and angular momentum to that of the inner disc.
3. Accretion from non-canonical discs (a) Simulation protocol Table 1 shows the initial parameters of our simulations, chosen based on successful cases in [20, 21] , defined as post-impact discs having compositions that deviate from that of the silicate Earth by less than or equal to 15% (assuming a 'Mars-like' composition impactor), together with disc masses large enough to produce a lunar-mass Moon based on prior accretion efficiency estimates of Ida et al. [11] . The successful cases in the 'fast spinning Earth' model ofĆuk & Stewart [21] have an average disc mass M d = 2.3M L ± 0.4, and an average normalized discspecific angular momentum, defined as
where L d is the total disc angular momentum, of J d = 0.85 ± 0.05. Successful cases in the 'half-Earth impactor' model of Canup [20] have M d = 3.1 ± 1.3 and J d = 0.90 ± 0.06. Thus, the discs in the half-Earth impact are on average more massive and somewhat more radially extended than those in the fast spinning Earth model.
We set the initial number of particles in the outer disc to 1500. The initial surface density profile of the outer disc is σ (r) ∝ r −q , where we have set q = 5, motivated by results from [20] . We consider initial disc parameters that span the range of outcomes observed in table 1 of [20, 21] . We select only the discs for which the analytical criterion of [11] predicts the formation of a moon with a mass more than or equal to 0.95M L . Results from the two papers overlap, but with the latter producing discs with masses generally smaller than the former, so that runs 1-21 are mostly representative of results from [21] , while runs 7-27 are mostly representative of results from [20] . We use total initial disc masses ranging from 1.75 to 3.25M L , with inner disc masses of 1.5, 2 and 2.5M L and outer disc masses of 0.25, 0.5 and 0.75M L . Because our model Table 1 . Simulation parameters. M d and L d are the disc's initial total mass and angular momentum, respectively. M in and M out are the disc's mass inside and outside the Roche limit, respectively. The Roche-interior disc initially extends from 1R ⊕ to a max in . The initial outer disc extends from a max in to a max out . Units of mass, distance and angular momentum are the present lunar mass M L , Earth radius R ⊕ and angular momentum of the Earth-Moon system L EM = 3.5 × 10 34 kg m 1 . Evolution of the mass of the largest body (solid line) and the fraction of its mass derived from Roche-interior disc material (dashed line), for run 22 (a) and for a sample canonical case (run 34 in [19] , b). Material from the Roche-interior disc is accreted in a protracted phase after several tens of years, due to its being confined early on by bodies in the outer disc.
lower average value (because the discs are more compact) than what we considered for canonical discs, where we used discs with an initial total specific angular momentum ranging from 0.843 to 1.099 (in units of a R GM ⊕ ) [19] .
(b) Results
(i) Accretion dynamics Figure 1a shows the evolution of the mass of the largest body in run 22, and the fraction of its mass that consists of material accreted from the Roche-interior disc. For comparison, figure 1b shows the same quantities for a sample canonical disc whose initial outer disc contains the same total mass (0.5M L ), but whose inner disc is initially less massive (2M L versus 2.5M L ; see fig. 3 in [19] ). Figure 2a shows the number of orbiting bodies in run 22, with again figure 2b showing the same quantity for the canonical case ( fig. 4 in [19] ). Figure 3 shows the mass and position of the outer edge of the Roche-interior disc. For both cases, accretion occurs in three phases. In phase 1, bodies in the outer disc collide and accrete, forming one massive body on a time scale of order approximately 1 year ( figure 1,  solid line) . The inner disc is confined inside the Roche limit due to resonant interactions with outer bodies ( figure 3, solid line) . In phase 2, the inner disc slowly viscously spreads outwards. After approximately 70 years, the inner disc reaches the Roche limit, and in phase 3 new bodies are spawned and continue the accretion of the Moon. One difference is that, for the non-canonical case, phase 3 starts somewhat later (approx. 70 years) than in the canonical case (approx. 20 years), 2 . Evolution of the number of orbiting bodies in run 22 (a) and for a sample canonical disc (run 34 in [19] , b). The number of orbiting bodies decreases initially as objects in the outer disc collide and merge or scatter one another. After several tens of years, the Roche-interior disc has spread back out to the Roche limit and starts producing new moonlets. Resonant interactions with outer bodies initially confine the disc inside the Roche limit a R = 2.9R ⊕ . At t ∼ 70 years, the disc reaches a R and starts forming new moonlets that repeatedly confine the disc inside a R . At t ∼ 250 years, a moonlet is scattered inwards by the Moon, causing the disc's outer edge to move inwards until the confining body gets tidally disrupted (once its pericentre gets within 2R ⊕ ). (dotted and solid lines, respectively) , and cumulative mass of bodies tidally disrupted and absorbed into the inner disc after being scattered towards the Earth (dashed line). The Moon initially sits at approximately 4.2R ⊕ , at which point it still has Lindblad resonances into the inner disc. As the latter viscously spreads, the Moon's semi-major axis expands until the inner disc reaches a R . At approximately 170 years, the resonant torque from the inner disc is too weak to excite the moonlets' semi-major axes faster than the Moon is exciting their eccentricities. As a result, they get scattered towards the Earth and tidally disrupted. The Moon gains their angular momentum and its semi-major axis expands. (b) Fraction of bodies spawned from the inner disc that either merge with the Moon (solid line), get scattered inwards and tidally disrupted (dotted line) or are ejected from the system (dashed line). As the disc mass decreases, the rate of increase of the moonlets' semi-major axes decreases while their eccentricities are increasingly excited by the growing Moon, resulting in an increasing number of objects being scattered inwards and a net expansion of the Moon's semi-major axis.
due to both the higher inner disc mass in the non-canonical case (which decreases ν TS and thus increases the disc's spreading time scale) and strong confinement of the inner disc in the noncanonical case (the outer disc being more compact, the objects within it orbit closer to the inner disc and thus exert a stronger resonant torque onto it).
In both cases, there is an accretion 'stall' around t ∼ 150 years, during which the Moon's semimajor axis expands while its mass remains relatively constant (figure 4a, solid line). When the Moon accretes a moonlet soon after it is spawned at the Roche limit, the Moon's semi-major axis decreases because the moonlet has a lower specific orbital angular momentum than the Moon itself. On the other hand, when the Moon scatters an object onto an orbit with a small periapse, the Moon generally gains angular momentum and its semi-major axis increases; this is because the scattered object is typically quickly lost to tidal disruption as it passes close to the Earth, producing a net positive torque on the Moon's orbit. Figure 4b shows the fraction of objects spawned at the Roche limit that merge with the Moon (solid line), that get tidally disrupted after having been scattered inward by the Moon (dotted line) or that get ejected from the system (dashed line).
The fate of a moonlet (accretion or scattering) depends on whether it recoils fast enough from the inner disc to cross the Moon's orbit before its eccentricity gets too high and its pericentre gets inside 2R ⊕ , leading to its tidal disruption. With time, the mass of the inner disc and the mass of spawned moonlets decrease, resulting in a slower rate of increase of the semi-major axis of objects spawned at the Roche limit, while their eccentricities are excited even faster by the growing Moon. As the 'push' from the inner disc gets weaker with time, an increasing number of objects get scattered inwards and tidally disrupted, causing a net expansion of the Moon's orbit. As the Moon's orbit increases, it becomes more difficult for spawned moonlets to reach its orbit and be accreted. As a result, there is a critical point (at approx. 170 years in figure 4b) beyond which most new objects get scattered inwards and lost as the Moon recedes away (figure 4a, solid line).
After approximately 200 years, a spawned moonlet recoils slowly enough that it can be trapped into inner mean motion resonances with the Moon. The resonant torque due to the disc-moonlet interaction can then be transferred to the Moon's orbit, furthering its expansion. Moonlets trapped Table 2 . Simulation results. M, f , a and e are the mass, mass fraction of inner disc material, semi-major axis and eccentricity, respectively, of the largest Moon at a simulation time of 1000 years. M 2 , f 2 , a 2 and e 2 are the same quantities, but for the second largest body in the simulation. Units of mass, distance and angular momentum are the present lunar mass M L , Earth radius R ⊕ and angular momentum of the Earth-Moon system L EM = 3.5 × 10 34 kg m 
.00 1.05 1.10 Figure 5 . Mass of the largest orbiting body at t = 1000 years, normalized to the total initial disc mass, against the disc's initial total specific angular momentum. Triangle symbols are the non-canonical disc cases, with colours representing the total initial disc's mass. Black crosses are results from [19] . Black and blue lines are analytical estimates from [11, 19] , respectively. Solid lines are obtained for an escaping mass of 0, whereas dashed lines assume an escaping mass of 0.05 M d . Non-canonical discs are generally less extended, and thus have lower specific angular momentum than canonical discs.
(ii) Global results Table 2 shows the mass, semi-major axis, eccentricity and mass fraction of inner disc material for the Moon and the second largest body at t = 1000 years. The average semi-major axis of the Moon is a = 2.4 a R ± 0.4, slightly higher than the average of approximately 2.2 a R found in [19] . The average mass of the Moon is M = 0.66 ± 0.25M L , with an average mass fraction of inner disc material f = 41 ± 20%. The average mass of the Moon is smaller than M = 0.81 ± 0.21M L obtained with discs in [19] . This is because non-canonical discs have a higher portion of their total mass located in the inner disc. While accretion in the outer disc is fairly efficient, accretion of material from the inner disc is a self-limiting process, because each object spawned at the disc's edge will typically confine it inside the Roche limit via resonant interactions. During this time, the inner disc loses mass on the Earth through its inner edge as it viscously spreads, while no material is provided to the forming Moon. For instance, in run 22, the 'core' formed from the material initially in the outer disc has a mass of 0.47M L , representing 95% of the mass initially present in the outer disc. The mass from the inner disc added to the Moon subsequently totals 0.51M L , which amounts to only 20% of the mass initially in the inner disc. Figure 5 shows the mass of the Moon at t = 1000 years, normalized to the total initial disc mass, against the disc's total initial specific angular momentum. For comparison, we have added the data points for discs simulated in [19] (black crosses). The black and blue lines are analytical estimates assuming that the Moon forms at 1.3 a R [11] and 2.15 a R [19] , respectively. Solid lines assume an escaping mass M esc of 0, whereas dashed lines assume an escaping mass of 5% of the total initial disc mass. The analytical estimates from [19] are in good agreement with results from the more compact disc cases here and predict a final Moon mass
4. Discussion impacts, which leave the Earth-Moon system with a large excess in angular momentum that must then be removed by prolonged capture into the so-called evection resonance with the Sun [20, 21] . Similar overall accretion dynamics to those seen in less compact discs typical of canonical impacts is seen, with the Moon forming in three consecutive phases over a total period of approximately 10 2 years [19] . Specifically, we find that, for compact discs with normalized specific angular momenta in the range 0.85 < J d ≤ 0.92, the fraction of the initial disc mass incorporated into the Moon is between 19% and 37%. This is lower than that predicted using the analytical relation derived from pure N-body simulations of [11] , which is approximately 45-55%. In the model presented here, the inner disc lifetime is much longer (approx. 10 2 years) as would be appropriate for a thermally regulated two-phase silicate disc [16, 17] , and this allows for a prolonged period of interaction between the growing Moon and the inner disc and inner moonlets spawned from the disc. Such interactions generally lead to a larger lunar semi-major axis, which through conservation arguments reduces the mass of the Moon for a given initial disc mass and angular momentum [19] .
Our final moon masses here and in [19] are consistent with equation (3.1) with M esc /M d ≤ 0.05. Comparing this estimate with the results of successful fast-spinning Earth impacts in [21] , we find that very few of the discs are predicted to yield a lunar-mass Moon. Indeed, apart from run 16, forming a lunar-mass object seems to require M d ≥ 3M L , which is somewhat beyond the disc masses obtained byĆuk & Stewart [21] . For the successful half-Earth impactor cases identified in [20] , we find that about half could produce a lunar-mass Moon by equation (3.1) assuming M esc = 0.
In the simulations here, the Moon's eccentricity at the end of its accretion is small, of order approximately 10 −3 in cases with M M ≥ M L (although see the discussion in the next section). If the Moon's orbital expansion due to planetary tides is sufficiently slow as it passes through the resonance (i.e. with tidal parameters for the Earth (k 2 /Q) ≤ 5 × 10 −3 per [21] ), such a low eccentricity should ensure initial capture into the evection resonance if the Moon's initial position is well interior to the resonance [22] . However, the simulations performed here produce a Moon whose average semi-major axis by the end of its accretion is approximately 7R ⊕ ± 1.2, which is comparable to the position of the evection resonance for an Earth rotating with a period of approximately 2.5 h in the absence of a disc (6.8R ⊕ per [21] ). The presence of the disc will shift the location of the evection resonance outwards, but as the disc dissipates the resonance will sweep inwards until reaching this distance. Thus, it appears that the resonance may sweep past the Moon as it is in its final stages of formation and the disc is dissipating. In this case, the relative rate of motion between the Moon and the resonant location may be set by the rate of the disc's dissipation, rather than by the rate of the Moon's orbital expansion due to tides as has been considered previously. This may lead to a substantially reduced likelihood of capture into evection and should be evaluated.
(b) Model limitations
Our treatment of the Roche interior disc is highly simplified, and in particular it assumes a uniform surface density and that the gas and liquid coevolve. A more physically realistic treatment could affect the accretion efficiency from the disc as well as the accretion time scale (see discussion in [19] ).
By modelling the Roche exterior disc by a collection of N-body particles, we are implicitly assuming that the outer disc is composed primarily of condensed material. While this appears a good assumption for discs produced by canonical impacts [9, 10] , non-canonical impacts have a substantially higher impact energy and produce discs that are initially primarily vapour. In the absence of viscous dissipation in this region, cooling and condensation of material orbiting beyond the Roche limit may commence soon after the impact; in this case, a silicate vapour outer disc of surface density σ can condense on a time scale τ cool ∼ σ l v /(2σ SB T 4 ), which for l v = 2 × 10 11 erg g −1 , σ = 10 6 g cm spread uniformly between a R and 6R ⊕ ) and T = 2000 K is a few years. The simulations here would then approximate the disc's evolution starting a few years post-impact, with a key caveat that there could be important evolution of the disc's properties in the interim period due, for example, to the relaxation of an initially steep radial surface density [30] and/or viscous spreading of the outer disc if and while it maintains a marginally unstable state [17] (see also appendix A).
Non-canonical impacts leave the post-impact Earth with a very short rotation period of approximately 2-3 h [20, 21] . Such a rapid rotation implies a highly oblate early Earth, with Earth's J 2 proportional to the square of its angular frequency. While the current Earth has J 2 ∼ 10 −3 , with a 2-3 h day J 2 increases to of order 10 −1 . This will lead to more rapid precession of the orbits of objects growing in the disc. The presence of an inner disc will also drive orbital precession in outer growing moons in a time-dependent manner as the disc evolves (e.g. [31] ). Neither of these effects has been included in our simulations here, and they could affect the Moon's final orbital properties, for example, if they alter the probability that spawned moonlets are captured into mean motion resonances with the Moon. We have also neglected the effects of tidal dissipation in the Earth and the moonlets. The former acts on time scales of order 10 3 -10 4 years (for an Earth Love number K 2⊕ ≈ 1, a tidal dissipation factor Q ⊕ ∼ 10-100 and an orbiting object with a mass m ∼ M L ) and may not be significant over accretion time scales. The latter, however, can lead to damping of the eccentricities of the orbiting bodies over time scales comparable to accretion time scales. Both effects could affect resonant capture likelihood as well as the Moon's orbital state at the end of its assembly and will be included in further modelling. Ward [18] considers a stratified protolunar disc in which a mid-plane magma layer coexists with an extended two-phase, vapour-rich atmosphere. In this case, the magma layer is unstable rather than metastable, so that instabilities outside the Roche limit form rapidly, rendering them stable against disruption by shear.
The accretion models here and in [19] assume that there is no instability-induced viscosity in the Roche exterior disc. This is consistent with the stratified disc model of [18] , and the later evolution of the disc in the model of [17] .
